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Abstract
Given a continued fraction [a0; a1, a2, . . .], pn/qn = [a0; a1, . . . , an] is called the nth convergent for
n = 0, 1, 2, . . . Leaping convergents are those of every rth convergent prn+i/qrn+i (n = 0, 1, 2, . . .) for
fixed integers r and i with r  2 and i = 0, 1, . . . , r − 1. This leaping step r can be chosen as the length
of period in the continued fraction. Elsner studied the leaping convergents p3n+1/q3n+1 for the continued
fraction of e = [2; 1, 2k, 1]∞
k=1 and obtained some arithmetic properties. Komatsu studied those p3n/q3n
for e1/s = [1; s(2k − 1) − 1, 1, 1]∞
k=1 (s  2). He has also extended such results for some more general
continued fractions. Such concepts have been generalized in the case of regular continued fractions. In this
paper leaping convergents in the non-regular continued fractions are considered so that a more general three
term relation is satisfied. Moreover, the leaping step r need not necessarily to equal the length of period. As
one of applications a new recurrence formula for leaping convergents of Apery’s continued fraction of ζ(3)
is shown.
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1. Introduction
Given a regular continued fraction [a0; a1, a2, . . .], its nth convergent is defined by pn/qn =
[a0; a1, . . . , an] for n = 0, 1, 2, . . . It is well-known that pn and qn satisfy the recurrence relation:
pn = anpn−1 + pn−2 (n  0), p−1 = 1, p−2 = 0,
qn = anqn−1 + qn−2 (n  0), q−1 = 0, q−2 = 1.
Leaping convergents are those of every rth convergent prn+i/qrn+i (n = 0, 1, 2, . . .) for fixed
integers r and i with r  2 and i = 0, 1, . . . , r − 1. The studies on leaping convergents were
initiated by investigating the continued fraction of e1/s (s  1).
The first author [3] studied arithmetic properties of leaping convergents p3n+1/q3n+1 for
the continued fraction of e = [2; 1, 2k, 1]∞k=1. Putting Pn = p3n+1, Qn = q3n+1 (n  0), P−1 =
P−2 = Q−1 = 1, Q−2 = −1, P−n = Pn−3 and Q−n = −Qn−3 (n  0), then for any
integer n
Pn = 2(2n + 1)Pn−1 + Pn−2, Qn = 2(2n + 1)Qn−1 + Qn−2.
The second author [5] studied those of leaping convergents p3n/q3n for
e1/s = [1; s(2k − 1) − 1, 1, 1]∞k=1 (s  2).
Putting Pn = p3n, Qn = q3n (n  0), P−n = Pn−1 and Q−n = −Qn−1 (n  0), then for any
integer n
Pn = 2s(2n − 1)Pn−1 + Pn−2, Qn = 2s(2n − 1)Qn−1 + Qn−2.
In [4] a more general recurrence relation is considered for the continued fraction of the form
[a0; T (k), C2, . . . , Cr ]∞k=1, where r is odd. In the latter case, however, P̂n = p3n+1, Q̂n = q3n+1,
P˜n = p3n+2 and Q˜n = q3n+2 do not satisfy any recurrence relation of the form Pn = SnPn−1 +
Pn−2. But they do some different type of relations. In [6, Theorem 2], some three term relations
were shown for a more general regular continued fraction of [1; T1(k), T2(k), T3(k)]∞k=1. In [7]
these results were further extended in the following form.
Proposition 1. Let the continued fraction be given by [a0; T1(k), T2(k), . . . , Tr (k)]∞k=1 with odd r,
where eachTν(k)(ν = 1, 2, . . . , r) takes a positive integer for k = 1, 2, . . .Letα, β, γ, δ, α′, β ′, γ ′
and δ′ be integers defined by(
α β
γ δ
)
=
(
α(n) β(n)
γ (n) δ(n)
)
=
(
T2(n) 1
1 0
)
· · ·
(
Tr(n) 1
1 0
)
,
and (
α′ β ′
γ ′ δ′
)
=
(
α(n − 1) β(n − 1)
γ (n − 1) δ(n − 1)
)
=
(
T2(n − 1) 1
1 0
)
· · ·
(
Tr(n − 1) 1
1 0
)
,
respectively. Then we have for n  2
(γ ′T1(n) + δ′)xn = U(n)xn−1 + (γ T1(n + 1) + δ)xn−2,
where U(n) = (γ ′T1(n) + δ′)(αT1(n + 1) + β) + γ ′(γ T1(n + 1) + δ), and zn = prn+1 or
zn = qrn+1.
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By shifting the position from T1(n) to Tν(n) (ν = 2, . . . , r), a more general result was shown
in [7].
These three term relations are entailed from the regular continued fractions. The goal of this
paper is to give a three term recurrence formula for the leaping convergents of a given non-regular
continued fraction. This general formula includes not only every previous obtained results but
also yields many new results concerning famous non-regular continued fractions. The previous
results were based upon products of matrices, but our result uses a kind of determinants. Specifi-
cally, a new recurrence formula for leaping convergents of Apery’s continued fraction of ζ(3) is
given.
2. Leaping convergents of non-regular continued fractions
The non-regular continued fractions are written in the form
a0 + b1
a1 + b2
a2 + b3
a3 + . . .
= a0 + b1
a1 +
b2
a2 +
b3
a3 + · · · .
If b1 = b2 = · · · = 1, then this is reduced to the regular continued fraction [a0; a1, a2, a3, . . .].
Its nth convergents defined by
pn
qn
= a0 + b1
a1 +
b2
a2 + · · ·+
bn
an
satisfy the three term relations:
pn = anpn−1 + bnpn−2 (n  1), p0 = a0, p−1 = 1,
qn = anqn−1 + bnqn−2 (n  1), q0 = 1, q−1 = 0.
(See [8], §2, (7)). In this paper, we shall consider the non-regular continued fractions of Hurwitz
type. Suppose that the continued fraction of a real number α be given as a form of
α = a0 + b1
a1 +
b2
a2 + · · · +
bρ
aρ +
U1(1)
T1(1) +
U2(1)
T2(1) + · · ·+
Uw(1)
Tw(1)
+
U1(2)
T1(2) +
U2(2)
T2(2) + · · ·+
Uw(2)
Tw(2)
+
U1(3)
T1(3) + · · · .
Then, we write
α =
[
a0 + b1
a1 +
b2
a2 + · · · +
bρ
aρ +
U1(k)
T1(k) +
U2(k)
T2(k) + · · ·+
Uw(k)
Tw(k)
]∞
k=1
,
where ρ  0 and w  1 are fixed integers. We shall consider the every rth leaping convergents
prn+i/qrn+i (n = 0, 1, 2, . . .) for given integers r and i with r  2 and 0  ρ  i < ρ + r .
Notice that r is not necessarily equal to w.
C. Elsner, T. Komatsu / Linear Algebra and its Applications 428 (2008) 824–833 827
In order to state our main theorem, for positive integers a and l define D0(a) = 1 and
Dl(a) =
∣∣∣∣∣∣∣∣∣∣∣∣∣∣∣
− T (a)
U(a+1) −1 0
1
U(a+2) − T (a+1)U(a+2) −1
0 1
U(a+3) − T (a+2)U(a+3)
.
.
. −1
1
U(a+l−1) − T (a+l−2)U(a+l−1) −1
1
U(a+l) −T (a+l−1)U(a+l)
∣∣∣∣∣∣∣∣∣∣∣∣∣∣∣
,
where
T (a) = Tw{(a−ρ−1)/w}+1
(⌈
a − ρ
w
⌉)
,
U(a) = Uw{(a−ρ−1)/w}+1
(⌈
a − ρ
w
⌉)
for a fixed positive integer w. Here, {·} denotes the fractional part function and · the ceiling func-
tion. For convenience, let M = (n − 1)r + i + 2, and for λ = 0, 1 let λ =∏r−1j=0,
j /=λ
U(M + j).
Now, our main theorem is stated as follows.
Theorem 1. Given a non-regular continued fraction
α =
[
a0 + b1
a1 +
b2
a2 + · · · +
bρ
aρ +
U1(k)
T1(k) +
U2(k)
T2(k) + · · ·+
Uw(k)
Tw(k)
]∞
k=1
,
where ρ  0 and w  1 are fixed integers. Then for any integers r and i with r  2 and 0  ρ 
i < ρ + r
(−1)r−1Dr−1(M − r) · zn + 1(U(M + 1)Dr−1(M)Dr(M − r)
+ Dr−1(M − r)Dr−2(M + 1)) · zn−1 − 0U(M − r)Dr−1(M) · zn−2 = 0
holds for zn = prn+i and zn = qrn+i (n  2).
In the case of regular continued fractions Theorem 1 is reduced as follows.
Corollary 1. Given a regular continued fraction
α = [a0; a1, a2, . . . , aρ, T1(k), T2(k), . . . , Tw(k)]∞k=1,
where ρ  0 and w  1 are fixed integers. Then for any integers r and i with r  2 and 0  ρ 
i < ρ + r
(−1)r−1Dr−1(M − r) · zn + (Dr−1(M)Dr(M − r)
+ Dr−1(M − r)Dr−2(M + 1)) · zn−1 − Dr−1(M) · zn−2 = 0
holds for zn = prn+i and zn = qrn+i (n  2).
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3. Proof of Theorem 1
Lemma 1. For real numbers a1, . . . , an, and b2, . . . , bn(n  1), let
Dn =
∣∣∣∣∣∣∣∣∣∣∣∣∣
a1 −1 0
b2 a2 −1
0 b3 a3
.
.
. −1 0
bn−1 an−1 −1
0 bn an
∣∣∣∣∣∣∣∣∣∣∣∣∣
(n  1), with D0 = 1.
Then we have Dn = anDn−1 + bnDn−2 (n  2).
Remark. This implies that Dn = qn (n  0), where qn is the denominator of the non-regular
continued fraction.
Proof. Applying Lagrange’s Theorem twice, we get
Dn = anDn−1 +
∣∣∣∣∣∣∣∣∣∣∣∣∣
a1 −1 0 · · · 0 0
b2 a2 −1
0 b3 a3
...
.
.
. −1
0 bn−2 an−2 −1
0 0 bn
∣∣∣∣∣∣∣∣∣∣∣∣∣
= anDn−1 + bnDn−2
(n  2). 
Now, we shall prove our main theorem. First, we consider the following 2r − 1 equations for
n  2 − i
r
:
qM−r = T (M − r)qM−r−1 + U(M − r)qM−r−2,
· · ·
qM−2 = T (M − 2)qM−3 + U(M − 2)qM−4,
qM−1 = T (M − 1)qM−2 + U(M − 1)qM−3,
· · ·
qM+r−2 = T (M + r − 2)qM+r−3 + U(M + r − 2)qM+r−4;
or
qM−r+ν = T (M − r + ν)qM−r+ν−1
+ U(M − r + ν)qM−r+ν−2 (ν = 0, . . . , r − 2),
qM+ν−2 = T (M + ν − 2)qM+ν−3
+ U(M + ν − 2)qM+ν−4 (ν = 1, . . . , r).
Next, we introduce 2r − 1 unknowns, x0, . . ., xr−2 and y1, . . ., yr . Summing up the equations in
the above system, we get
0 =
r−2∑
ν=0
xν(qM−r+ν − T (M − r + ν)qM−r+ν−1
− U(M − r + ν)q(M−r+ν−2))
+
r∑
ν=1
yν(qM+ν−2 − T (M + ν − 2)qM+ν−3 − U(M + ν − 2)qM+ν−4)
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=
r∑
ν=2
xν−2qM−r+ν−2 −
r−1∑
ν=1
xν−1T (M − r + ν − 1)qM−r+ν−2
−
r−2∑
ν=0
xνU(M − r + ν)qM−r+ν−2
+
r∑
ν=1
yνqM+ν−2 −
r−1∑
ν=0
yν+1T (M + ν − 1)qM+ν−2
−
r−2∑
ν=−1
yν+2U(M + ν)qM+ν−2
=
r−2∑
ν=2
(xν−2 − xν−1T (M − r + ν − 1) − xνU(M − r + ν))qM−r+ν−2
+ xr−3qM−3 + xr−2qM−2 − x0T (M − r)qM−r−1
− xr−2T (M − 2)qM−3 − x0U(M − r)qM−r−2
− x1U(M − r + 1)qM−r−1
+
r−2∑
ν=1
(yν − yν+1T (M + ν − 1) − yν+2U(M + ν))qM+ν−2
+ yr−1qM+r−3 + yrqM+r−2 − y1T (M − 1)qM−2
− yrT (M + r − 2)qM+r−3 − y1U(M − 1)qM−3
− y2U(M)qM−2.
Put x0 = 1, and let
xν−2 − xν−1T (M − r + ν − 1) − xνU(M − r + ν) = 0 (ν = 2, . . . , r − 2), (1)
xr−3 − xr−2T (M − 2) − y1U(M − 1) = 0, (2)
−T (M − r) − x1U(M − r + 1) = 0, (3)
yr−1 − yrT (M + r − 2) = 0, (4)
yν − yν+1T (M + ν − 1) − yν+2U(M + ν) = 0 (ν = 1, . . . , r − 2). (5)
It follows that
yrqM+r−2 − (y1T (M − 1) + y2U(M) − xr−2)qM−2 − U(M − r)qM−r−2 = 0. (6)
By x0 = 1, the linear system of equations (1)–(5) consists on (r − 3) + 3 + (r − 2) = 2r − 2
equations with 2r − 2 unknowns. Using (1) and (3), we have
x0 = 1,
x1 = − T (M−r)U(M−r+1) ,
xν = −T (M−r+ν−1)U(M−r+ν) xν−1 + 1U(M−r+ν)xν−2 (ν = 2, . . . , r − 2).
⎫⎪⎬⎪⎭ (7)
From (7) and from Lemma 1 we conclude on
xν = Dν(M − r) (ν = 2, . . . , r − 2). (8)
Moreover, from (2) and (8) we get
y1 = − T (M − 2)
U(M − 1)xr−2 +
1
U(M − 1)xr−3
= Dr−1(M − r). (9)
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The system (4), (5) can be rewritten as⎛⎜⎜⎜⎜⎜⎜⎜⎝
−T (M) −U(M + 1)
1 −T (M + 1)
0 1
.
.
. −U(M + r − 3)
1 −T (M + r − 3) −U(M + r − 2)
1 −T (M + r − 2)
⎞⎟⎟⎟⎟⎟⎟⎟⎠
⎛⎜⎜⎜⎜⎜⎜⎜⎝
y2
y3
y4
...
yr−1
yr
⎞⎟⎟⎟⎟⎟⎟⎟⎠
=
⎛⎜⎜⎜⎜⎜⎜⎜⎝
−y1
0
0
...
0
0
⎞⎟⎟⎟⎟⎟⎟⎟⎠
. (10)
We solve this system of equations by application of Cramer’s rule. The determinant of the system
in (10) is denoted by E0. By Lagrange’s theorem we have
E0 :=Dr−1(M) ·
r−1∏
j=1
U(M + j),
E1 :=
∣∣∣∣∣∣∣∣∣∣∣∣∣
−y1 −U(M + 1) 0
0 −T (M + 1) −U(M + 2)
0 1 −T (M + 2)
...
.
.
. −U(M + r − 3)
0 1 −T (M + r − 3) −U(M + r − 2)
0 1 −T (M + r − 2)
∣∣∣∣∣∣∣∣∣∣∣∣∣
= −y1Dr−2(M + 1) ·
r−1∏
j=2
U(M + j),
E2 :=
∣∣∣∣∣∣∣∣∣∣∣∣∣
−T (M) −U(M + 1) 0 −y1
1 −T (M + 1) −U(M + 2) 0
0 1 −T (M + 2)
...
.
.
. −U(M + r − 3) ...
0 1 −T (M + r − 3) 0
0 0 1 0
∣∣∣∣∣∣∣∣∣∣∣∣∣
= (−1)r−1y1.
If E0 /= 0, by Cramer’s rule we have
y2 = E1
E0
, yr = E2
E0
.
If E0 = 0, the relation in Theorem 1 becomes trivial. The details are left to the readers. Using
zn = qrn+i , Eq. (6) takes the form
E2
E0
zn −
(
y1T (M − 1) + E1
E0
U(M) − xr−2
)
zn−1 − U(M − r)zn−2 = 0
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or
E2zn − (E0(y1T (M − 1) − xr−2) + E1U(M))zn−1 − E0U(M − r)zn−2 = 0. (11)
Finally, by (2), (8) and Lemma 1, we have
−T (M − 1)y1 + xr−2 = −T (M − 1)
(
− T (M − 2)
U(M − 1)xr−2 +
1
U(M − 1)xr−3
)
+ xr−2
= −T (M − 1)Dr−1(M − r) + xr−2
= U(M)
(
−T (M − 1)
U(M)
Dr−1(M − r) + 1
U(M)
Dr−2(M − r)
)
= U(M)Dr(M − r).
Substituting the expressions for E0, E1, E2, xr−2 in (8), and y1 in (9) into (11), we obtain the
desired three term recurrence relation.
4. Applications
Example 1. Consider the continued fraction expansion of e1/s (s = 1, 2, 3, . . .). When s  2, it
has the form e1/s = [1; s(2k − 1) − 1, 1, 1]∞k=1. We choose r = 3 and i = 0. Since ρ = 0 and
w = 3 with a0 = 1, we have M = 3n − 1. Since T (M − 1) = T1(n) = s(2n − 1) − 1, T (M) =
T2(n) = 1, T (M + 1) = T3(n) = 1 and so on, we get D2(M − 3) = D2(M) = 2, D3(M − 3) =
−2s(2n − 1) + 1 and D1(M + 1) = −1. Therefore, by Corollary 1 we obtain
2zn − 4s(2n − 1)zn−1 − 2zn−2 = 0
or
zn = 2s(2n − 1)zn−1 + zn−2
for zn = p3n and zn = q3n. This was obtained by the second author in [5].
When s = 1, by e = [2; 1, 2k, 1]∞k=1 we choose r = 3 and i = 1. Since ρ = 0 and w = 3 with
a0 = 2, we have M = 3n. Since T (M − 2) = T1(n) = 1, T (M − 1) = T2(n) = 2n, T (M) =
T3(n) = 1 and so on, we get D2(M − 3) = D2(M) = 2, D3(M − 3) = −4n − 1 and D1(M +
1) = −1. Therefore, by Corollary 1 we obtain
2zn − 4(2n + 1)zn−1 − 2zn−2 = 0
or
zn = 2(2n + 1)zn−1 + zn−2
for zn = p3n+1 and zn = q3n+1. This was obtained by the first author in [3].
Example 2. For a positive integer s, the continued fraction expansion of e2/(2s+1) is given by
e2/(2s+1)
= [1; (6s + 3)k − (5s + 3), (24s + 12)k − (12s + 6), (6s + 3)k − (s + 1), 1, 1]∞k=1
(See [8], §32, (2)). By choosing r = 5 and i = 1, we can give a recurrence relation A(n)zn +
B(n)zn−1 − C(n)zn−2 = 0 for zn = p5n+1 and zn = q5n+1. Since ρ = 0 and w = 5 with a0 = 1,
we have M = 5n − 2 and
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T (M − 2) = T1(n) = (6s + 3)n − (5s + 3),
T (M − 1) = T2(n) = (24s + 12)n − (12s + 6),
T (M) = T3(n) = (6s + 3)n − (s + 1),
T (M + 1) = T4(n) = 1,
T (M + 2) = T5(n) = 1
and so on. Hence, we get
D4(M) = 18(2s + 1)2n2 − 2s(s + 1),
D4(M − 5) = 18(2s + 1)2n2 − 36(2s + 1)2n + 2(35s2 + 35s + 9),
D5(M − 5) = −216(2s + 1)3n3 + 540(2s + 1)3n2 − 6(2s + 1)(284s2 + 284s + 73)n
+ 5(2s + 1)(84s2 + 84s + 23),
D3(M + 1) = −6(2s + 1)n − (2s + 1).
Therefore, by Corollary 1 we obtain the three term relation A(n)zn + B(n)zn−1 − C(n)zn−2 =
0 (n  2), where
A(n) = D4(M − 5)
= 18(2s + 1)2n2 − 36(2s + 1)2n + 2(35s2 + 35s + 9),
B(n) = D4(M)D5(M − 5) + D4(M − 5)D3(M + 1)
= − 6(2s + 1)(2n − 1)(324(2s + 1)4n4 − 648(2s + 1)4n3
+ 18(2s + 1)2(68s2 + 68s + 19)n2 + 18(2s + 1)2(4s2 + 4s − 1)n
− (140s4 + 280s3 + 190s2 + 50s + 3)),
C(n) = D4(M)
= 18(2s + 1)2n2 − 2s(s + 1)
for zn = p5n+1 and zn = q5n+1. This relation was obtained in [7, Example 1] by a different
method.
Example 3. We consider Apery’s non-regular continued fraction for ζ(3) (See [1,2])
ζ(3) =
[
6
5 +
−n6
34n3 + 51n2 + 27n + 5
]∞
n=1
.
By choosing r = 3 and s = 1, we can give a recurrence relation A(n)zn + B(n)zn−1 −
C(n)zn−2 = 0 for zn = p3n+1 and zn = q3n+1. Since ρ = 1 and w = 1 with a0 = 0, a1 = 5
and b1 = 6, we have U(a) = −(a − 1)6, T (a) = 34(a − 1)3 + 51(a − 1)2 + 27(a − 1) + 5 =
(2a − 1)(17a2 − 17a + 5), M = 3n, 0 = U(M + 1)U(M + 2), 1 = U(M)U(M + 2), and
D2(M) = 1155M
6 − 765M4 + 219M2 − 25
M6(M + 1)6 ,
D2(M − 3) = 1155(M − 3)
6 − 765(M − 3)4 + 219(M − 3)2 − 25
(M − 3)6(M − 2)6 ,
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D3(M − 3) = 2(2M − 5)(9809M8 − 196180M7 + 1688435M6 − 8160775M5
+ 24211565M4 − 45131275M3 + 51613735M2 − 33123050M
+ 9139756)/((M − 3)6(M − 2)6(M − 1)6),
D1(M + 1) = (2M + 1)(17M
2 + 17M + 5)
(M + 1)6 .
Therefore, from Theorem 1 we obtain the recurrence relation A(n)q3n+1 + B(n)q3n−2 −
C(n)q3n−5 = 0, where
A(n) = (841995n6 − 5051970n5 + 12567960n4 − 16592040n3 + 12260106n2
− 4808052n + 781976)/(729(n − 1)6(3n − 2)6),
B(n) = − (2n − 1)(12031375172355n14 − 84219626206485n13 + 253953312120360n12
− 428864732037855n11 + 439299328519764n10 − 272471023506375n9
+ 91396295265060n8 − 7297793144865n7 − 5252325689187n6
+ 1411042506012n5 + 68427927360n4 − 58096755360n3
+ 2964307808n2 + 851521408n − 84482560)/(27(n − 1)6(3n − 2)6),
C(n) = − (3n − 4)6(841995n6 − 61965n4 + 1971n2 − 25).
It is similar when zn = p3n+1. For n = 3 the recurrence relation can be read as follows.
A(3)q10 + B(3)q7 − C(3)q4
= 52904099
5489031744
· 652616854196330886646726656000000
− 267098162453288875
3176523
· 74805403492431360000
+ 9512701625000 · 456205824
= 0.
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